An exact solution is obtained for three-dimensional deformations of a simply supported functionally graded rectangular plate subjected to mechanical and thermal loads on its top and/or bottom surfaces. Suitable temperature and displacement functions that identically satisfy boundary conditions at the edges are used to reduce the partial differential equations governing the thermomechanical deformations to a set of coupled ordinary differential equations in the thickness coordinate, which are then solved by employing the power series method. The exact solution is applicable to both thick and thin plates. Results are presented for two-constituent metal-ceramic functionally graded rectangular plates that have a power law through-the-thickness variation of the volume fractions of the constituents. The effective material properties at a point are estimated by either the Mori-Tanaka or the self-consistent schemes. Exact displacements and stresses at several locations for mechanical and thermal loads are used to assess the accuracy of the classical plate theory, the rst-order shear deformation theory, and a third-order shear deformation theory for functionally graded plates. Results are also computed for a functionally graded plate with material properties derived by the Mori-Tanaka method, the self-consistent scheme, and a combination of these two methods.
I. Introduction
A DVANCED composite materials offer numerous superior properties to metallic materials, such as high speci c strength and high speci c stiffness. This has resulted in the extensive use of laminated composite materials in aircraft, spacecraft, and space structures. For example, a layer of a ceramic material when bonded to the surface of a metallic structure acts as a thermal barrier in high-temperature applications. However, the sudden change in material properties across the interface between discrete materials can result in large interlaminar stresses leading to delamination. Furthermore, large plastic deformations at the interfaces may trigger the initiation and propagation of cracks in the material. One way to overcome these adverse effects is to use functionally graded materials in which material properties vary continuously. This is achieved either by gradually changing the volume fraction of the constituent materials, usually in the thickness direction only, or by changing the chemical structure of a thin polymer sheet to obtain a smooth variation of in-plane material properties and an optimum response to external thermomechanical loads. The former class of functionally graded structures can be manufactured by high-speed centrifugal casting 1;2 in which layers are formed in the radial direction due to different mass densities of the constituents, or by depositing layers of ceramic materials on a metallic substrate.
3;4 Lambros et al. 5 have developed an ultraviolet irradiation process to obtain variations in Young's modulus in the plane of a sheet. A directed oxidation technique has been employed by Breval et al. 6 and Manor et al. 7 to obtain a ceramic layer on the outside surface.
There are several three-dimensional solutions available for the thermoelastic analysis of inhomogeneous plates. Most of these studies have been conducted for laminated plates that have piecewise constant material properties in the thickness direction. Three-dimensional solutions for functionally graded plates are useful because they can be used as benchmarks to assess the accuracy of various two-dimensional plate theories. Rogers et al. 8 have employed the method of asymptotic expansion to analyze three-dimensional deformations of inhomogeneous plates. However, the boundary conditions on the edges of the plate in their theory are applied in an average sense like those in two-dimensional plate theories, and the plate is assumed to be only moderately thick. Tarn and Wang 9 have also presented an asymptotic solution that may be carried out to any order, but the manipulations become more and more involved as one considers higher-order terms, and numerical examples are given only for laminated plates consisting of homogeneous layers. Cheng and Batra 10 have also used the method of asymptotic expansion to study the three-dimensional thermoelastic deformations of a functionally graded elliptic plate.
Tanaka et al. 11;12 designed property pro les for functionally graded materials to reduce the thermal stresses. Reddy 13 has presented solutions for rectangular plates based on the third-order shear deformation plate theory. Reiter et al., 14 Reiter et al., 15 and Reiter and Dvorak 16 performed detailed nite element studies of discrete models containing simulated skeletal and particulate microstructures and compared results with those computed from homogenized models in which effective properties were derived by the MoriTanaka 17 and the self-consistent 18 methods. Cheng and Batra 19 have related the de ections of a simply supported functionally graded polygonal plate given by the rst-order shear deformation theory (FSDT) and a third-order shear deformation theory (TSDT) to that of an equivalent homogeneous Kirchhoff plate. Lee and Yu 20 and Lee et al. 21 have expanded the mechanical displacements, the electric potential, and the material moduli as a power series in the thickness coordinate, derived plate equations of different orders for functionally graded piezoelectric materials, and analyzed their free vibrations. Batra 22 has studied nite plane strain deformations of a functionally graded incompressible hollow cylinder loaded by a uniform pressure on the inner surface.
The objective of this investigation is to present an exact solution to the three-dimensional thermoelastic deformations of a simply supported functionally graded rectangular thick plate. We assume that the plate is made of an isotropic material with material properties varying smoothly in the thickness direction only. By the use of suitable temperature and displacement functions, the governing partial differential equations are reduced to a set of coupled ordinary differential equations in the thickness coordinate, which are solved by the power series method. We consider a two-phase graded material with a power law variation of the volume fractions of the constituents through the thickness. The effective material properties at a point are determined in terms of the local volume fractions and the material properties of the two phases either by the (also see Benveniste 23 ) or by the self-consistent 18 scheme. Results are presented for an Al/SiC graded rectangular plate. Displacements and stresses at critical locations for mechanical and thermal loads are given for different length-to-thickness ratios, exponents in the power law through-the-thickness variation of the constituents, and different homogenization schemes. We compare the exact results with those obtained from the classical plate theory 24;25 (CPT), the FSDT, 26;27 and the TSDT. 27;28 The results from the three plate theories are quite different from the exact solution for thick functionally graded plates.
Results are also computed for a functionally graded plate for which the effective material properties in the ceramic rich and the metal rich regions are derived by the Mori-Tanaka 17 method, and the effective properties elsewhere are obtained by the self-consistent 18 scheme. A third-order transition function of Reiter and Dvorak 16 is used in the transition regions to have a smooth variation of material properties between the regions. For the thermal load, this combined method of homogenizing material properties gives plate deformations and transverse normal and transverse shear stresses that differ signi cantly from those computed with either the Mori-Tanaka or the self-consistent scheme alone. However, through-the-thickness variation of the longitudinal stress given by the three homogenization methods is essentially the same except at points near the top surface of the plate where the volume fraction of the ceramic is high. For the mechanical load, the homogenization technique in uences strongly the transverse displacements but not the values of the stress components.
II. Formulation of the Problem
We use rectangular Cartesian coordinates x i ; i D 1; 2; 3, to describe the in nitesimal static thermoelastic deformations of an N -layer laminated plate occupying the region [0; 
where ¾ i j and q j are, respectively, the components of the Cauchy stress tensor and the heat ux vector, and where i; j D 1; 2; 3. A comma followed by index j denotes partial differentiation with respect to the position x j of a material particle, and a repeated index implies summation over the range of the index. The constitutive equations for a linear isotropic thermoelastic material are 29
where¸and ¹ are the Lamé constants,¯is the stress-temperature modulus, · is the thermal conductivity, " i j are components of the in nitesimal strain tensor, T is the change in temperature of a material particle from that in the stress-free reference con guration, and ± i j is the Kronecker delta. The material properties¸; ¹;¯, and · are functions of x 3 :
The in nitesimal strain tensor is related to the mechanical displacements u i by
The edges of the plate are assumed to be simply supported and maintained at the reference temperature. That is,
at x 1 D 0 and L 1 and
The mechanical boundary conditions prescribed on the top and the bottom surfaces can be either a displacement component u j or the corresponding traction component ¾ 3 j : However, typically nonzero normal and zero tangential tractions are prescribed on these two surfaces. Because the normal load can be expanded as a double Fourier series in x 1 and x 2 , it suf ces to consider loads of the form
where p C and p ¡ are known constants, r D k¼=L 1 ; s D m¼=L 2 , and k and m are positive integers. The thermal boundary conditions on the top and the bottom surfaces are speci ed as
When values of constants # § and » § are chosen appropriately, various boundary conditions corresponding to either a prescribed temperature, a prescribed heat ux, or an exposure to an ambient temperature through a boundary conductance can be speci ed.
The interfaces between adjoining layers are assumed to be perfectly bonded together and in ideal thermal contact so that The mechanical and the thermal problems are one-way coupled in the sense that the temperature eld is determined rst by solving Eqs. (1b) and (2b) and the pertinent boundary conditions, and the displacements are later obtained from Eqs. (1a) and (2a) and the relevant boundary conditions.
III. Exact Solution
We construct a local rectangular Cartesian coordinate system x .n/ 1 ; x .n/ 2 , and x .n/ 3 with local axes parallel to the global axes and the origin at the point where the global x 3 axis intersects the midsurface of the nth lamina. In the local coordinate system, the nth lamina occupies the region [0;
We drop the superscript n for convenience with the understanding that all material constants and variables belong to this layer.
We assume that, within each layer, the Lamé constants¸and ¹; the stress-temperature modulus¯, and the thermal conductivity · are analytic functions of x 3 and, thus, can be represented by a Taylor series expansion about its midsurface as
Note that¸; ¹;¯, and · are positive quantities for all x 3 , and therefore, Q .0/ ; Q ¹ .0/ ; Q .0/ , and Q · .0/ are positive.
A. Temperature Field
A solution for the change in temperature of points in the nth layer is sought in the form
The assumed temperature function T identically satis es the boundary conditions (4c) and (4f) at the edges of the plate. Substitution for T from Eq. (9) into Eq. (2b) and the result into Eq. (1b) gives the following second-order ordinary differential equation with variable coef cients:
where a prime denotes derivative with respect to x 3 : We assume a solution for µ in the form of a power series
The series (11) and the Taylor series for · in Eq. (8) are substituted into Eq. (10) . By multiplying the in nite series, appropriately shifting the index of summation, and equating each power of x 3 to zero, we obtain the following recurrence relation:
for ® D 0; 1; 2; : : :
Evaluation of the recursion formula (12) successively for ® D 1; 2; : : : , gives Q µ .® C 2/ in terms of arbitrary constants Q µ .0/ and Q µ .1/ . Substitution for Q µ .®/ into Eq. (11) and and the result into Eq. (9) gives the following expression for the temperature change:
where Ã .0/ .x 3 / and Ã .1/ .x 3 / are known in nite series and Q µ .0/ and Q µ .1/ are unknown constants. There are two unknown constants for each layer, which result in a total of 2N unknowns for an N -layer plate. The constants are determined by satisfying the thermal boundary conditions (6) on the top and the bottom surfaces of the plate and the interface continuity conditions (7c) and (7d) for the thermal quantities between adjoining layers. This gives two conditions for the top and the bottom surfaces and two conditions at each of the N ¡ 1 interfaces. The resulting system of 2N linear algebraic equations for the 2N unknowns is readily solved to yield the change in temperature and the heat ux vector for the entire plate.
B. Displacement Field
A solution for the displacement eld in the nth layer is sought in the form
which identically satis es the homogeneous boundary conditions (4a-4b) and (4d-4e) at the simply supported edges. Substitution for u from Eq. (15) into Eq. (3), for " and also for T from Eq. (9) into Eq. (2a), and then for ¾ into Eq. (1a) gives the following coupled system of second-order ordinary differential equations:
We assume a power series solution for the displacements as
Inserting into the differential equations (16) the Taylor series for the material properties¸; ¹, and¯from Eq. (8) and the assumed power series solution for the displacements and the temperature change from Eqs. (17) and (11), we obtain the following recurrence relations for every nonnegative integer ®:
The recurrence relations (18) are evaluated successively for ® D 0; 1; : : : , to obtain Q U
, and Q U
in terms of arbitrary constants Q U
, and Q U .1/ 3 : Thus, there are six unknown constants for each layer, resulting in a total of 6N unknowns for an N -layer plate. The constants are determined by satisfying the mechanical boundary conditions (5) on the top and the bottom surfaces of the plate and the interface continuity conditions (7a) and (7b) for the mechanical quantities between adjoining layers. This yields six conditions for the top and the bottom surfaces and six conditions at each of the N ¡ 1 interfaces. The resulting system of 6N linear algebraic equations for the 6N unknowns is solved to obtain displacements and stresses for the entire plate.
The semi-inverse method of analyzing simply supported plate problems as assumed in Eqs. (9) and (15) is due to Vlasov, 30 Srinivas and Rao, 31¡33 and Pagano 34 and has been adopted by others to study piezoelectric and thermoelastic plate problems. Vel and Batra 35¡37 have used the Eshelby-Stroh formalism to analyze deformations of plates with arbitrary boundary conditions prescribed at the edges.
IV. Plate Theories
The displacement eld for the CPT, 24 ;25 the FSDT, 26;27 and the TSDT 13;27;28 can be written as
where u 0°; u 0 3 , and '°are independent of x 3 and the function g.x 3 / D 0 for the CPT, g.x 3 / D x 3 for the FSDT, and
2 / for the TSDT. In this section, the Latin indices range from 1 to 3 and the Greek indices from 1 to 2. Functions u 0 give displacements of a point on the midsurface of the plate and .' 1 ¡ u 0 3;1 / and .¡' 2 C u 0 3;2 / are, respectively, the rotations of the transverse normal to the midsurface about the x 2 and x 1 axes. Displacement elds (19) were proposed for studying isothermal deformations of a plate; here we use them to analyze thermomechanical deformations in the presence of temperature gradients in the thickness direction. Cheng and Batra, 10 among others, employed these displacement elds for analyzing thermomechanical deformations of a functionally graded plate.
For the bending of a linear functionally graded plate subjected to an arbitrary distributed normal load p.x°/ on its surface, the eld equations are
where
and constant K is the shear correction factor used only for the FSDT. We set K D 5 6 , although this value was proposed by Reissner for a homogeneous plate. Because the temperature T is assumed to be known in the CPT, the FSDT, and the TSDT, we substitute the exact value for the temperature eld from Eq. (9) into Eq. (21). The transverse normal stress ¾ 33 is assumed to be negligible and neglected in all three plate theories; this is inconsistent with the assumption of zero transverse normal strain implied by Eq. (19b). For an isotropic material,
where E ; º, and ¹ are, respectively, Young's modulus, Poisson's ratio, and the shear modulus. For a functionally graded plate, material properties are assumed to vary in the thickness direction only, that is,
The boundary conditions for a simply supported plate are
A solution to the partial differential equations (20) 
V. Effective Moduli of Two-Phase Composites
Consider a functionally graded composite material that is fabricated by mixing two distinct material phases, for example, a metal and a ceramic. Often, precise information about the size, shape, and distribution of the particles may not be available, and the effective moduli of the graded composite must be evaluated based only on the volume fraction distributions and the approximate shape of the dispersed phase. Several micromechanics models have been developed over the years to infer the effective properties of macroscopically homogeneous composite materials. We summarize two popular methods for estimating the effective properties, the MoriTanaka and the self-consistent methods, and use them to analyze functionally graded materials.
A. Mori-Tanaka Estimate
The Mori-Tanaka (see Refs. 15, 17, and 23) scheme for estimating the effective moduli is applicable to regions of the graded microstructure that have a well-de ned continuous matrix and a discontinuous particulate phase as shown in Fig. 1a . It takes into 
the subscript 2. In this notation, K 1 ; ¹ 1 ; · 1 , and ® 1 are the bulk modulus, the shear modulus, the thermal conductivity, and the thermal expansion coef cient, respectively, and V 1 is the volume fraction of the matrix phase. K 2 ; ¹ 2 ; · 2 ; ® 2 , and V 2 are the corresponding material properties and the volume fraction of the particulate phase. Note that V 1 C V 2 D 1, that the Lamé constant¸is related to the bulk and the shear moduli by¸D K ¡ 2¹=3, and that the stress-temperature modulus is related to the modulus of thermal expansion by¯D .3¸C 2¹/® D 3K ®. The following estimates for the effective local bulk modulus K and shear modulus ¹ are useful for a random distribution of isotropic particles in an isotropic matrix:
The effective thermal conductivity · is given by
and the coef cient of thermal expansion ® is determined from the correspondence relation
B. Self-Consistent Estimate
The self-consistent method 15;18 assumes that each reinforcement inclusion is embedded in a continuum material whose effective properties are those of the composite. This method does not distinguish between matrix and reinforcement phases, and the same overall moduli is predicted in another composite in which the roles of the phases are interchanged. This makes it particularly suitable for determining the effective moduli in those regions that have an interconnected skeletal microstructure as shown in Fig. 1b . The locally effective moduli by the self-consistent method are
where ± D 3 ¡ 5´D K =.K C 4¹=3/. These are implicit expressions for the unknowns K and ¹. Equation (28a) can be solved for K in terms of ¹ to obtain (29) and ¹ is obtained by solving the following quartic equation:
The self-consistent estimate of the thermal conductivity coef cient 40 is in the implicit form
The self-consistent estimate of ® is obtained by substitution of the self-consistent estimate of the bulk modulus K from Eq. (29) into the correspondence relation (27) . Because the quartic equation (30) and the quadratic equation (31) have to be solved to obtain the shear modulus ¹ and the thermal conductivity · , it is easier to use the Mori-Tanaka method than the self-consistent scheme.
VI. Results and Discussion
Here we present exact results for a representative simply supported square plate with its top surface subjected to either a mechanical load or a thermal load:
The bottom surface is traction free and held at the reference temperature, that is, ¾ i3 .x 1 ; x 2 ; ¡H=2/ D 0 and T .x 1 ; x 2 ; ¡H=2/ D 0: Because it is common in high-temperature applications to employ a ceramic top layer as a thermal barrier to a metallic structure, we choose the constituent materials of the functionally graded plate to be Al and SiC with the following material properties. 11 
Here V C c and V ¡ c are the volume fractions of the ceramic phase on the top and the bottom surfaces of the plate, respectively, and n is a parameter that dictates the volume fraction pro le through the thickness. Cheng and Batra 10 have also used a similar power law function for the volume fraction, except that they have assumed V (11) and (17), respectively.
The physical quantities are nondimensionalized by relations
for the applied mechanical load and by (35) for the thermal load. Nondimensional quantities for the mechanical load are denoted by a superimposed bar and those for the thermal load by a superimposed caret.
Consider a simply supported metal-ceramic square plate .L 2 D L 1 / with the metal (Al) taken as the matrix phase and the ceramic (SiC) taken as the particulate phase. That is, P 1 D P m and P 2 D P c , where P is either the volume fraction V or any material property. The exact solution for displacements and stresses at speci c points in the plate is compared with the CPT, the FSDT, and the TSDT results in Fig. 2 transverse de ection can be attributed to the large shear deformation that occurs in thick plates. The CPT and the FSDT give identical values of the longitudinal stress N ¾ 11 and of the transverse shear stress N ¾ 13 , which deviate from the exact solution as the length-tothickness ratio decreases. The TSDT gives accurate results for N ¾ 11 and N ¾ 13 even for thick plates. When the plate is subjected to the thermal load, both the longitudinal stress O ¾ 11 and the transverse shear stress O ¾ 13 given by each one of the three plate theories are inaccurate for thick plates with L 1 =H < 10. This could be due to the neglect of transverse normal strains and the transverse normal stresses in the plate theories. Furthermore, the displacement elds in the plate theories are constructed assuming isothermal conditions and need to be modi ed when thermal gradients are present, as is the case in the present problem. Note that the transverse shear and normal stresses have been computed by integrating the three-dimensional elasticity equations in the thickness direction. Figure 3 shows plots of the nondimensional values of the transverse displacement u 3 of the plate centroid, the longitudinal stress ¾ 11 , and the transverse shear stress ¾ 13 vs the power law index n for a thick square plate .L 1 =H D 5/: The effective properties are obtained by the Mori-Tanaka scheme, and the volume fraction V c of the ceramic phase is taken to be 0 and 1 on the bottom and the top surfaces, respectively. It is seen that the differences between the exact values and the CPT, the FSDT, and the TSDT values of these quantities for the thermal load do not change appreciably for increasing values of the power law index n: However, for the mechanical load, applied on the top surface of the plate, the errors in the transverse de ection of the plate centroid and the stresses computed with each one of the three plate theories increase with an increase in the value of n. Whereas the CPT and the FSDT underpredict, the TSDT overpredicts the transverse displacement at the plate centroid and the longitudinal stress at the centroid of the top surface. For the thermal load, all three plate theories underpredict this longitudinal stress. For the mechanical load, the transverse shear stress at the plate centroid computed from the TSDT solution is lower than that obtained from the exact solution, but the CPT and the FSDT give a value higher than that obtained from the analytical solution. For the thermal load, all three plate theories yield essentially the same value of the transverse shear stress at the point .L 1 =2; L 2 =2; H=4/ and this value is lower than the analytical one.
The change in temperature O T .L 1 =2; L 2 =2; 0/ at the plate centroid vs the ceramic volume fraction V C c on the top surface for the thermal load is shown in Fig. 4a . It is clear that the temperature change decreases monotonically with an increase in the value of V C c . The nondimensional transverse component of the heat ux on the bottom surface, shown in Fig. 4b , decreases as the ceramic volume fraction on the top surface increases because the thermal conductivity of the ceramic phase is much smaller than that of the metallic phase. Figure 5 shows plots of the transverse displacements of the plate centroid and components of the stress at speci c points in the plate vs the ceramic volume fraction on the top surface. As is evident from Figs. 5a-5f, the percentage errors in the transverse displacement of the plate centroid and stresses at the chosen points obtained from the plate theories do not change appreciably with the value of the ceramic volume fraction on the top surface. For both the Table 1 Exact displacements, stresses, temperature, and heat ux at speci c locations for the Al/SiC functionally graded square plate when subjected to mechanical and temperature loads: Mori-Tanaka scheme mechanical and the thermal loads, the transverse de ection of the plate centroid decreases nearly af nely with an increase in the value of V C c . However, the longitudinal stress at the centroid of the top surface increases parabolically with a rise in the value of V C c . With an increase in the value of V C c , the transverse shear stress decreases parabolically for the mechanical load, and it increases essentially linearly for the thermal load. Note that the transverse shear stresses are evaluated at different points for the two loads. The through-thethickness variations of the displacements and longitudinal stresses at points on the centroidal axis and the shear stress variation at an edge are shown in Fig. 6 for a thick plate (L 1 =H D 5). When subjected to the mechanical load, the TSDT overestimates the transverse deection N u 3 at all points within the plate, the CPT underestimates it at all points, and the FSDT value of N u 3 is close to the average value given by the exact solution. It is clear that the thickness of the plate changes and that the transverse normal strain is not uniform through the plate thickness. The longitudinal stress N ¾ 11 does not vary as a linear function of the thickness coordinate x 3 because the plate is functionally graded and the material properties are functions of x 3 : The transverse shear stress N ¾ 13 attains its maximum value at x 3 D 0:11H . Note that all three plate theories give very good values of the longitudinal stress and the transverse shear stress. When the functionally graded thick plate with L 1 =H D 5 is subjected to the temperature load, the error exhibited by both the CPT and the FSDT values for the transverse de ection O u 3 on the top surface is 26%. The corresponding error in the TSDT value for O u 3 is 28%. The large errors are due to the assumption of inextensibility of the normals to the midsurface inherent in all three plate theories considered here. The extensibility of transverse normals has been incorporated in plate theories proposed by Vidoli and Batra, 41 Batra and Vidoli, 42 Soldatos and Watson, 43 Kant, 44 Lee and Yu, 20 Lee et al., 21 and others. Simmonds 45 showed that accurate three-dimensional stresses can be derived from the CPT by including the transverse extensibility effects. The transverse centroidal displacements and the stresses at the centroid of the top surface using the self-consistent scheme vs the length-to-thickness ratio are plotted in Fig. 7 for Table 2 Exact displacements, stresses, temperature, and heat ux at speci c locations for the Al/SiC functionally graded square plate when subjected to mechanical and temperature loads: self-consistent scheme The plots are qualitatively similar to those obtained by using the Mori-Tanaka scheme and shown in Fig. 2 .
We have listed in Tables 1 and 2 values of displacements, stresses, temperature, and heat ux at speci c points in a simply supported Al/SiC functionally graded plate for the two loads considered. Values listed in Table 1 are obtained by using the Mori-Tanaka homogenization scheme and those in Table 2 by the self-consistent method. These should facilitate comparisons between the exact values and those obtained from plate theories or other approximate methods such as the nite element method. To capture well the through-thethickness variation of material properties, a very ne mesh in the thickness direction and, hence, throughout the domain will be required. Results presented herein should help decide the degree of neness of the mesh and/or the choice of elements.
In the examples studied so far, we used a single homogenization scheme (either the Mori-Tanaka method or the selfconsistent method) to estimate the effective properties for the entire plate. This approach is appropriate only for functionally graded plates that have the same microstructure everywhere. Reiter and Dvorak 16 performed detailed nite element studies of the response of simulated discrete models containing both skeletal and particulate microstructures and concluded that homogenized models of combined microstructures that employ only a single averaging method do not provide reliable agreements with the discrete model predictions. However, close agreement with the discrete model was shown by homogenized models that employ different effective property estimates for regions of the plate that have different microstructures. They state that, in those parts of the graded microstructure that have a well-de ned continuous matrix and discontinuous reinforcement, the effective properties should be approximated by the appropriate Mori-Tanaka estimates and that, in skeletal microstructure that often form transition zones between clearly de ned matrix and particulate phases, the effective properties should be approximated by the self-consistent method.
We consider a functionally graded plate that has an af ne variation of the ceramic volume fraction given by
It is assumed to have a well-de ned continuous metallic matrix with discontinuous ceramic particles in the metal rich region ¡0:5H · x 3 · ¡0:2H adjacent to the bottom surface and a wellde ned continuous ceramic matrix with discontinuous metallic particles in the ceramic rich region 0:2H · x 3 · 0:5H adjacent to the top surface. The plate is assumed to have a skeletal microstructure in the central region ¡0:2H · x 3 · 0:2H . We use a combined model, wherein the effective properties in the metal rich region adjacent to the bottom surface are obtained by the Mori-Tanaka scheme with a metallic matrix phase (MTM), the effective properties in the ceramic rich region adjacent to the top surface are obtained by the Mori-Tanaka scheme with a ceramic matrix phase (MTC), and the effective material properties in the central region are obtained by the self-consistent scheme (SC). To accommodate the discontinuities in homogenized material properties predicted at the boundaries between the different regions, we employ the thirdorder transition functions used by Reiter and Dvorak 16 in transition regions of width 0:05 H centered at x 3 D ¡0:2H and 0:2H . The through-the-thickness variations of the effective Young's modulus, shear modulus, coef cient of thermal expansion, and thermal conductivity obtained by the combined homogenization technique are plotted in Fig. 8 . In Fig. 8 , MTM, MTC, and SC signify effective properties obtained by using a single averaging method through the entire thickness of the plate.
In the combined model, there are ve distinct regions in the thickness direction, namely, the three primary regions in which the ef- fective properties are obtained by MTM, MTC, and SC and the two transition regions at the boundaries between them. Within each region, the effective material properties are expanded as a Taylor series, and the solution to the thermal and the mechanical equilibrium equations are obtained in terms of 8 unknown constants, resulting in a total of 40 unknowns . The constants are determined by satisfying the mechanical and the thermal boundary conditions (5) and (6) on the top and the bottom surfaces of the plate and the interface continuity conditions (7) for the thermal and the mechanical quantities between adjoining layers. This results in eight conditions for the top and the bottom surfaces and eight conditions at each of the four interfaces between regions with distinct micromechanical models. The resulting system of 40 linear algebraic equations for the 40 unknowns are solved to obtain the displacements and stresses for the entire plate.
A comparison of the through-the-thickness variation of the de ection and stresses obtained by the combined model and the two single averaging methods, namely, MTM and MTC, are shown in Fig. 9 for a thick plate .L 1 =H D 5/ subjected to the mechanical load. It is clear from Fig. 9a that there are signi cant differences in the values of the transverse de ection N u 3 given by the three homogenization techniques. However, the longitudinal stress N ¾ 11 ; the transverse shear stress N ¾ 13 , and the transverse normal stress N ¾ 33 predicted by the three different homogenization methods are essentially the same. The corresponding displacements and stresses for the thermal load are shown in Fig. 10 . The combined model gives a smaller value for the transverse de ection O u 3 than either the MTM or the MTC method. The magnitude of the longitudinal stress O ¾ 11 from the MTM method reaches a maximum value at a point situated slightly below the top surface. However, the maximum value of O ¾ 11 is predicted to occur on the top surface by the MTC and the combined model. Unlike the results for the mechanical load, the MTM, the MTC, and the combined model all give signi cantly different values for the transverse shear stress O ¾ 13 and the transverse normal stress O ¾ 33 for the thermal load.
VII. Conclusions
We have analyzed thermomechanical deformations of a simply supported functionally graded Al/SiC plate subjected to either a sinusoidal pressure or a sinusoidal temperature eld on the top surface. The effective properties at points in the plate are obtained either by the Mori-Tanaka method, or the self-consistent scheme, or a combination of the two. The volume fractions of the constituents and, hence, the effective material properties are assumed to vary in the thickness direction only. The effective material properties, the three components of the displacement, and the temperature eld are expanded in Taylor series in the thickness coordinate. When in-plane sinusoidal variations of the displacements and the temperature that identically satisfy boundary conditions at the edges are presumed, ordinary differential equations for functions giving their throughthe-thickness variation are derived and solved analytically.
The exact solutions of the problems studied here are compared with those obtained by the classical plate theory, the FSDT, and the TSDT. For thick functionally graded plates, there are signicant differences between the exact solution and that obtained with any one of these three plate theories even when the transverse normal and the transverse shear stresses are computed by integrating the three-dimensional elasticity equations. These differences could be due to displacement elds employed in plate theories that were originally proposed for studying isothermal deformations of a plate. It is found that the displacements, stresses, and temperatures computed with either the Mori-Tanaka scheme, or the self-consistent method, or their combination agree qualitatively but differ quantitatively. For the thermal load, the differences in the transverse displacements, the transverse shear stresses, and the transverse normal stresses are noticeable, but those in the longitudinal stress are negligible except near the top loaded surface. For the mechanical load, only the transverse displacements computed with the three methods exhibit signi cant variations. For each load, the nonzero transverse normal strains vary through the plate thickness.
The exact solutions presented here provide benchmark results, which can be used to assess the adequacy of different plate theories and also to compare results obtained by other approximate methods such as the nite element method.
